The direct position analysis (DPA) 
Introduction
The direct position analysis ͑DPA͒ of a manipulator is the computation of the end-effector poses ͑positions and orientations͒ compatible with assigned values of the actuated-joint variables. Assigning the actuated-joint variables corresponds to considering the actuated joints locked, which makes the manipulator a structure. The solutions of the DPA of a manipulator one to one correspond to the assembly modes of the structure generated by locking the actuated-joint variables of that manipulator. Determining the assembly modes of a structure means solving the DPA of a large family of manipulators since the same structure can be generated from different manipulators.
The solution of the DPA of parallel manipulators ͑PMs͒ is a difficult and challenging task since, in general, it involves the solution of a system of nonlinear equations.
Spherical parallel manipulators ͑SPMs͒ are PMs where the endeffector performs only spherical motions with a center fixed to the frame. SPMs can be collected into two subsets: ͑i͒ the set of the SPMs where only the end-effector and few ͑or no͒ other links perform spherical motions with the same center and ͑ii͒ the set of the SPMs where all the links perform spherical motions with the same center. When the actuated joints are locked, both these two types of SPMs become structures whose assembly modes can be identified by considering equivalent structures where the links are connected only through revolute pairs with axes that converge toward the spherical motion center. Such structures will be called spherical structures ͑SSs͒.
Structures composed of links connected only through revolute pairs are also generated from a large family of planar parallel manipulators ͑PPMs͒ by locking the actuated joints. In this case, all the revolute-pair axes are parallel to one another and perpendicular to the plane of motion. Such structures will be called planar structures ͑PSs͒.
When the topology of a structure is analyzed, only the number and the type ͑binary, ternary, etc.͒ of links and the type of kinematic pairs that connect the links to one another are considered. Therefore, the SSs and the PSs share the same set of topologies.
Moreover, by using the Grübler-Kutzbach equation, it is easy to demonstrate that, in the SSs and the PSs, the number of loops, l, the number of links, m, and the number of revolute pairs, r, are related by the following two relationships: m =2l + 1 and r =3l.
Sometimes structures contain substructures ͑i.e., a subset of links that form a structure by themselves͒. A substructure can be substituted into the original structure by a unique link whose shape depends on the assembly modes of the substructure. This substitution process ends when no other substructure can be identified in the last obtained structure. In literature, structures that do not contain substructures have been called Assur kinematic chains ͑AKCs͒. The determination of all the assembly modes of any structure can be implemented by exploiting a set of algorithms that solve all the AKCs ͓1͔.
The solution of the DPA of all the SPMs can be implemented by classifying all the SS topologies, which refer to AKCs, and then by providing, for each identified topology, an algorithm that computes the assembly modes of the AKC with that topology. The fact that the set of SS topologies coincides with the one of PSs allows the wide literature on planar mechanisms to be exploited ͓2͔. In particular ͑see Ref. ͓1͔͒, there are one single-loop AKC topology ͑the triad͒, one double-loop AKC topology ͑the pentad͒, and three triple-loop AKC topologies. Moreover, Manolescu ͓3͔ gave a complete classification of triple-loop topologies and how they are built. Eventually, Yang and Yao ͓4͔ identified all the AKC topologies with four loops. So doing, they showed that there are 28 quadruple-loop AKC topologies ͑see also Refs. ͓5͔ and ͓9͔͒.
The algorithms that analytically calculate all the assembly modes of the AKCs up to three loops have been already presented both for the planar case ͑see Ref. ͓1͔ for references͒ and for the spherical case ͑see Ref. ͓2͔ for references͒. Moreover, general techniques for solving the DPA of planar mechanisms have been presented ͑see, for instance, Refs. ͓6-8͔͒, and the assembly modes of a number of planar structures with four loops have been analytically determined ͑see Ref. ͓9͔ for references͒. As far as the authors are aware the determination of the assembly modes of spherical structures with four loops was not addressed yet.
This paper addresses the determination of the assembly modes of the structures, either planar or spherical, with 1 out of the 28 quadruple-loop AKC topologies ͑the 15th one reported in Table 1 of Ref. ͓9͔͒. And it provides one algorithm, which is applicable to the planar and the spherical cases and solves the closure-equation systems of these structures in analytical form. In particular, the topology of these structures is the one reported in Fig. 1 , and it is constituted of nine links ͑one quaternary link, four ternary links, and four binary links͒ connected through 12 revolute pairs to form four closed loops.
The planar structure with this topology has been already solved in Ref. ͓10͔ by using an algorithm based on complex numbers and similar to the ones reported in Refs. ͓9͔ and ͓11͔. The solution technique used in Ref. ͓10͔ is different from the one reported here and cannot be extended to the spherical structure with the same topology.
Background
The closure equations of a structure ͑or a mechanism͒ can be written in many ways. The most common techniques are based on the use of the loop equations that are a fixed number, say, n, of independent scalar equations that can be written for each independent loop appearing in the structure.
When the structure contains a number of particular binary links at least equal to the number of independent loops, and the choice of the independent loops can be operated so that each loop contains at least one binary link not included in the other loops, the number n can be reduced to 1, and the closure-equation system can be reduced to a number of scalar equations equal to the number of loops.
The analysis of Fig. 1 reveals that, in the structures under study, four independent loops with one binary link can be easily individuated: ͑1͒ loop 0-1-5-2 ͑link 5 is binary͒, ͑2͒ loop 0-2-6-3 ͑link 6 is binary͒, ͑3͒ loop 0-3-7-4 ͑link 7 is binary͒, and ͑4͒ loop 0-4-8-1 ͑link 8 is binary͒. All these loops are four-bar loops with only revolute pairs.
Both in the planar case and in the spherical case, the revolutepair axes are located by points lying on the motion plane 2 ͑planar case͒ or on the unit sphere 3 ͑spherical case͒. In our case, this technique simply consists in writing, for each loop, that the distance ͑either on the motion plane or on the unit sphere 4 ͒ between the two points locating the revolute-pair axes at the endings of the binary link is constant.
In Sec. 3 this technique will be used to write a minimal set of closure equations both for the planar case and for the spherical case.
Closure Equations
By using the above-mentioned technique to write the closure equations, the resulting closure equations are very similar in the two cases under study, and the same elimination technique can be adopted for determining a univariate polynomial equation to solve.
In Secs. 3.1 and 3.2, the closure-equation system will be deduced for both the cases. Figure 2 shows the planar structure with the topology of Fig. 1 . With reference to Fig. 2 , Q i for i = 1 , . . . , 4 are the points that locate the axes of the revolute pairs that join the quaternary link ͑link 0͒ to the ith ternary link ͑i =1, . . . ,4͒. P ji for j =1,2 and i = 1 , . . . , 4 are the points that locate the axes of the revolute pairs that join the ith ternary link to the two adjacent binary links. Figure 3 shows the ith loop ͑i =1, . . . ,4͒ of the PS and the notation that will be used to deduce its loop equation. With reference to Fig. 3 , the link-index k is equal to ͑i +1͒ modulo 4. r 0i is the length of the segment Q i Q k . r ji ͑r jk ͒, j =1,2, is the length of the segment Q i P ji ͑Q k P jk ͒. And r 3͑i+4͒ is the length of the segment P 2i P 1k . The angles ␤ i and ␥ i ͑␤ k and ␥ k ͒ are the interior angles at Q i ͑Q k ͒ of link i ͑link k͒ and link 0, respectively. The angle i ͑ k ͒ is the joint variable of the revolute pair located by Q i ͑Q k ͒. Eventually, the reference system Q i x i y i is a Cartesian reference system, fixed to link 0, that will be used to write the loop equation of the ith loop.
Planar Structure.
It is worth noting that the eight geometric constants of the quaternary link ͑i.e., ␥ i and r 0i for i =1, . . . ,4͒ are related by the following three scalar equations ͑see Figs. 2 and 3͒:
r 01 − r 02 cos ␥ 2 = r 04 cos ␥ 1 − r 03 cos͑␥ 1 + ␥ 4 ͒ ͑1b͒
2 The motion plane is a plane surface perpendicular to all the revolute-pair axes. 3 The unit sphere is a sphere surface with unit radius and center coincident with the center of the spherical motion. It is worth noting that the unit sphere is perpendicular to all the revolute-pair axes since all the revolute-pair axes converge toward the center of the spherical motion. 4 The distance between two points on a sphere surface is the length of the shortest great-circle arc joining the two points. On the unit sphere, this distance coincides with the convex central angle delimited by the two radii passing through the two points if the angle is measured in radians. Transactions of the ASME With these notations, the position vectors of the points P 2i and P 1k , in the reference system Q i x i y i , have the following explicit expressions ͑i =1, . . . ,4; k = ͑i +1͒ modulo 4͒: 
By reminding that the distance r 3͑i+4͒ between the points P 2i and P 1k ͑see Fig. 3͒ can be expressed through the coordinates of the two points, measured in any Cartesian reference system, the following set of closure equations can be written for the PS under study:
͑4͒
The introduction of the explicit expressions ͑2͒ into Eq. ͑4͒ yields the following system of closure equations in explicit form:
Closure equations ͑5͒ constitute a system of four scalar equations in four unknowns: the four joint variables i , i =1, . . . ,4. By expanding Eq. ͑5͒, system ͑5͒ becomes
where the constant coefficients g in , n =0,1, . . . ,5, have the following explicit expressions:
Each equation of system ͑6͒ is linear both in c i and s i and in c k and s k . Figure 4 shows the spherical structure with the topology of Fig. 1 . With reference to Fig. 4 , O is the center of the unit sphere; Q i for i = 1 , . . . , 4 are the points that locate, on the unit sphere, the axes of the revolute pairs that join the quaternary link ͑link 0͒ to the ith ternary link ͑i =1, . . . ,4͒. P ji for j =1,2 and i = 1 , . . . , 4 are the points that locate, on the unit sphere, the axes of the revolute pairs that join the ith ternary link to the two adjacent binary links. Figure 5 shows the ith loop ͑i =1, . . . ,4͒ of the SS and the notation that will be used to deduce its loop equation. With reference to Fig. 5 , the link-index k is equal to ͑i +1͒ modulo 4. 0i is the convex central angle It is worth noting that the eight geometric constants of the quaternary link ͑i.e., ␥ i and 0i for i =1, . . . ,4͒ are related by any tern of independent scalar equations deducible from the following matrix equation ͑see Figs. 4 and 5͒:
Spherical Structure.
where I is the 3 ϫ 3 identity matrix, whereas k R i , k = ͑i +1͒ modulo 4, is the rotation matrix that transforms vector components measured in Ox i y i z i into vector components measured in Ox k y k z k .
k R i has the following explicit expression:
where the following elementary rotation matrices have been introduced:
With these notations, the position vectors of the points P 2i and P 1k , in the reference system Ox i y i z i , have the following explicit expressions ͑i =1, . . . ,4; k = ͑i +1͒ modulo 4͒: 5 The measure of the convex central angle between two radius vectors gives the distance, on the unit sphere, between the two points located on the sphere by the two radius vectors. 
where the left superscript i indicates that the vectors are measured in Ox i y i z i . c i ͑c k ͒ and s i ͑s k ͒ stand for cos i ͑cos k ͒ and sin i ͑sin k ͒, respectively, whereas c 0i ͑c 1k ͒ and s 0i ͑s 1k ͒ stand for cos 0i ͑cos 1k ͒ and sin 0i ͑sin 1k ͒, respectively. Eventually, u i , v i , and w i are geometric constants with the following explicit expressions:
Since cos 3͑i+4͒ is equal to the dot product of the position vectors of the two unit-sphere points P 2i and P 1k ͑see Fig. 5͒ in any Cartesian reference system with origin at O, 6 the following set of closure equations can be written for the SS under study:
where c 3͑i+4͒ stands for cos 3͑i+4͒ and the right superscript ͑·͒ T denotes the transpose of ͑·͒. The ith equation ͑13͒ analytically expresses the fact that the distance, on the unit sphere, between the two unit-sphere points P 2i and P 1k is constant; hence, it is the spherical counterpart of the ith equation ͑4͒. The introduction of the explicit expressions ͑11͒ into Eq. ͑13͒ yields the following system of closure equations in explicit form:
Closure equations ͑14͒ constitute a system of four scalar equations in four unknowns: the four joint variables i , i =1, . . . ,4. By expanding Eq. ͑14͒, system ͑14͒ becomes
where the constant coefficients h in , n =0,1, . . . ,7, have the following explicit expressions:
Each equation of system ͑15͒ is linear both in c i and s i and in c k and s k .
Solution Technique
The closure-equation systems ͑6͒ and ͑15͒ can be transformed into algebraic-equation systems by using the following trigonometric identities:
where t i , i = 1 , . . . , 4, is equal to tan͑ i / 2͒. So doing, both systems ͑6͒ and ͑15͒ are put in the following form:
where the explicit expressions of the constant coefficients d inm , n , m =0,1,2, are reported in Appendixes A and B for the PS and the SS, respectively. The first ͑i =1͒ and the fourth ͑i =4͒ equations of system ͑18͒ can be rewritten in the following form:
where
Moreover, the second ͑i =2͒ and the third ͑i =3͒ equations of system ͑18͒ can be rewritten in the following form:
The product of Eq. ͑19͒ by t 1 yields two more equations that, when added to Eq. ͑19͒, give the following homogeneous system:
where f 1 is equal to ͑t 1 3 , t 1 2 , t 1 ,1͒ T , whereas M 1 is a 4ϫ 4 matrix defined as follows:
͑22͒
On the other hand, the product of Eq. ͑20͒ by t 3 yields two more equations that, when added to Eq. ͑20͒, give the following homogeneous system:
where f 2 is equal to ͑t 3 3 , t 3 2 , t 3 ,1͒ T , whereas M 2 is a 4ϫ 4 matrix defined as follows:
Remind that radius vectors of the unit sphere coincide with position vectors of the unit-sphere points, located by the radius vectors, in Cartesian reference systems with origin at the unit-sphere center O. Transactions of the ASME
The two homogeneous systems ͑21͒ and ͑23͒ admit nontrivial solutions for f 1 and f 2 , respectively, if and only if the two determinants det͑M 1 ͒ and det͑M 2 ͒ are equal to zero ͑i.e., their coefficient matrices are singular͒. Since the entries of the first and the third rows of both the matrices are quadrics in t 2 , whereas their second and fourth rows are quadrics in t 4 , the vanishing condition of det͑M 1 ͒ and det͑M 2 ͒ yields the following two algebraic equations that are quartics both in t 2 and in t 4 :
where the explicit expressions of the constant coefficients p nm and q nm , for n , m = 0 , . . . , 4, as functions of the constant coefficients reported in Appendixes A and B can be easily determined with the help of an algebraic manipulator. Such expressions are not reported here since they are cumbersome. Equation ͑25͒ constitutes a nonlinear system of two equations in two unknowns: t 2 and t 4 . System ͑25͒ can be rewritten as follows:
The product of Eq. ͑26͒ by t 2 , t 2 2 , and t 2 3 yields six more equations that, when added to Eq. ͑26͒, give the following homogeneous system:
where e is equal to ͑t 2 7 , t 2 6 , t 2 5 , t 2 4 , t 2 3 , t 2 2 , t 2 ,1͒ T , whereas H is an 8 ϫ 8 matrix defined as follows:
͑29͒
The homogeneous system ͑28͒ admits nontrivial solutions for e if and only if the following equation is satisfied:
Since the non-null entries of matrix H are univariate quartics in t 4 , and det͑H͒ is a sum of terms that are products of eight entries of matrix H ͑see Appendix C͒, Eq. ͑30͒ is a univariate polynomial equation in t 4 , which has at most degree 32. This result meets the upper bound to the number of complex solutions of system ͑18͒ that the authors found by calculating the optimal multihomogeneous Bézout number ͑see Refs. ͓12͔ and ͓13͔ for details͒ of system ͑18͒. Moreover, it is compatible with the number, 30, of complex solutions found in Ref. ͓10͔ for the planar case.
Once the values of t 4 that solve Eq. ͑30͒ have been computed, by back substituting them into matrix H and then solving the resulting systems ͑28͒, the corresponding values of t 2 can be computed. Eventually, the computed values of the couple ͕t 2 , t 4 ͖ must be back substituted into Eqs. ͑21͒ and ͑23͒ to compute the corresponding values of t 1 and t 3 .
The adopted elimination procedure could have introduced extraneous solutions of type Ϯj with j = ͱ −1 since the only factors, which could generate extraneous roots and have been multiplied by the original system of equations, are the factors ͑1+t i 2 ͒͑1+t k 2 ͒, with i =1, . . . ,4 and k = ͑i +1͒ modulo 4. Such factors have been used to obtain system ͑18͒ from the original ones ͑i.e., either Eq. ͑6͒ or Eq. ͑15͒͒ passing through the trigonometric identities ͑17͒.
So far, the evaluation of the actual degree of Eq. ͑30͒ can be done either through extended numerical tests, provided that they identify at least one set of data that makes Eq. ͑30͒ a 32 deg polynomial equation, or by analytically determining the coefficients of the polynomial equation ͑30͒.
Extended numerical tests, carried out by the authors, with randomly generated data brought to find many data sets both for the planar geometry and for the spherical geometry, which make Eq. ͑30͒ a 32 deg polynomial equation. Moreover, the same numerical tests demonstrated that the elimination procedure used to obtain Eq. ͑30͒ introduces one couple of extraneous roots of type Ϯj in the planar case, whereas it does not introduce extraneous roots in the spherical case. These results bring to the conclusion that, in general, Eq. ͑30͒ is a 32 deg polynomial equation both for the planar geometry and for the spherical geometry, but, in the planar case, one common factor of type ͑1+t 4 2 ͒ can always be collected and simplified. Thus, in general, the complex solutions of our problems are 30 for the planar case, which agrees with the result reported in Ref. ͓10͔ , and 32 for the spherical case. Among the complex solutions of Eq. ͑18͒, only the real solutions correspond to actual assembly modes of the structure under study. For the planar case, a PS geometry with 28 assembly modes is reported in Ref. ͓10͔ . For the spherical case, the above-mentioned numerical tests brought to identify a SS geometry with 20 assembly modes. The maximum number of real solutions of Eq. ͑30͒ is still an open problem.
Regarding the analytic determination of the coefficients of the polynomial equation ͑30͒, it can be implemented with the help of an algebraic manipulator by, first, determining the explicit expression of det͑H͒ as a function of the non-null entries of matrix H ͑see Appendix C͒, and then elaborating the obtained expression, either as a whole or by grouping terms according to the size of the computer memory.
In the planar case, this procedure can be used to deduce the 30 deg univariate polynomial equation that contains only the complex solutions of the closure-equation system. Indeed, since, in this case, one common factor of type ͑1+t 4 2 ͒ can be collected and simplified, Eq. ͑30͒, written in the form ͚ j=0 32 l j t 4 j = 0, can be put in the form ͑1+t 4 2 ͚͒ j=0 30 n j t 4 j = 0 by considering that the following iterative formula, which relates the n j coefficients to the l j coefficients, holds:
with n −2 = n −1 = n 31 = n 32 =0.
Numerical Examples
Two numerical examples, one for the planar case and the other for the spherical case, are reported in this section in order to show the effectiveness of the proposed algorithm.
The algorithm has been implemented in MAPLE. The numerical computations have been executed by setting the machine precision equal to 32 decimal digits in MAPLE. All the computed solutions, when substituted into the closure equations, satisfy those equations with residuals whose absolute values range from less than
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MAY 2009, Vol. 1 / 021003-5 , which is coherent with the chosen machine precision. Fig. 3 , the geometric data of the planar structure are ͑the angles are measured in radians; the lengths are measured in a generic unit of length͒ as follows: Among these geometric data, the parameters ␥ 4 , r 01 , and r 04 have been computed by using relationships ͑1͒ together with the values of the other geometric data of the quaternary link. Moreover, once the geometries of the quaternary and the ternary links were defined, the lengths of the binary links ͑i.e., r 35 , r 36 , r 37 , and r 38 ͒ have been computed through Eq. ͑4͒ after the following values of the angles i , i = 1 , . . . , 4, were assigned:
Planar Structure. With reference to
This reference assembly mode appears in Table 1 as solution 5.
All the computed solutions of system ͑18͒ for this planar geometry are reported in Table 1 . Among the 30 solutions reported in Table 1 , the first 22 solutions are real. Therefore the studied planar geometry admits 22 assembly modes. Such assembly modes are shown in Fig. 6 . Table 1 Journal of Mechanisms and Robotics MAY 2009, Vol. 1 / 021003-7 This reference assembly mode appears in Table 2 as solution 8. All the computed solutions of system ͑18͒ for this spherical geometry are reported in Table 2 . Among the 32 solutions reported in Table 2 , the first 20 solutions are real. Therefore the studied spherical geometry admits 20 assembly modes. Such assembly modes are shown in Fig. 7 .
Conclusions
An algorithm that determines all the assembly modes of two structures with the same topology has been presented.
The topology of the studied structures is constituted of nine links ͑one quaternary link, four ternary links, and four binary links͒ connected through 12 revolute pairs to form four closed loops.
Such structures can be thought as generated from two large families ͑one planar and the other spherical͒ of parallel manipulators by locking the actuated joints. Thus, the proposed algorithm can be used to solve the DPA of all these manipulators.
Through the proposed algorithm, it has been confirmed that the DPA of the planar manipulators, which generate structures with this topology, has 30 complex solutions. And it has been demonstrated that the DPA of their spherical counterparts has 32 complex solutions. Moreover, extended numerical tests, which used the proposed algorithm, demonstrated the robustness of the algorithm and brought to find a spherical geometry with 20 assembly modes ͑i.e., real solutions of the DPA͒. As far as the authors are aware, the analytic solution of the DPA of the spherical parallel manipulators that generate structures with this topology is new.
This work is framed into a research activity oriented to provide efficient algorithms that solve the DPA of all the planar and spherical parallel manipulators that become quadruple-loop Assur kinematic chains when their actuators are locked.
The explicit expression of det͑H͒ as a function of the non-null Transactions of the ASME
